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Let X be a topological space, Y a Banach manifold, f a continuous 
mapping of X into Y. In a recent paper, Browder [3] extending earlier 
results of Pohozhayev [9-l 11, the writer has considered the study of 
normal solvability and the Fredholm alternative for the context in 
which X is a locally convex topological vector space and Y a Banach 
space. It is our purpose in the present paper to sharpen these results 
and to extend them to the case in which Y is a manifold modelled on 
a Banach space. 
In their original formulation in the papers of Pohozhayev cited 
above, the concepts of normal solvability and the Fredholm alternative 
were considered for differentiable mappings f of a Banach space X 
into a Banach space Y. For a given differentiable mapping f and for a 
given point x of X, we denote by A, = df, the derivative off at the 
point x, with A, assumed to be a continuous linear mapping of X 
into Y. If A,* is the adjoint mapping to A, in the usual sense of linear 
operators, A,* is a continuous linear mapping of Y* into X*, where 
X* and Y* are the conjugate spaces of X and Y, respectively.The 
results of Pohozhayev stated that if the nullspace N(A,*) is trivial for 
each x in X, then f (X) coincides with Y provided that one of the two 
following hypotheses holds: 
(1) Y is reflexive and f (X) is weakly closed in Y [IO]; 
(2) Y is uniformly convex and f (X) is closed in Y [I 11. 
(In addition, the concept of normal solvability was extended to non- 
linear mappings in variant ways in [lo] and [l l] to obtain a sufficient 
condition for the solvability of the equation f (x) = y for a particular y 
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in Y. We remark that a sharp generalization of these results along the 
lines of [3] and the present paper will be presented by the writer in 
another paper.) 
In [3], the writer showed that the same result was valid for any 
Banach space Y if one assumes only thatf(X) is closed in Y. Indeed, 
the condition that N(A,*) is trivial was assumed in [3] only for x in 
X - N where N was an arbitrary finite subset of X, or, more generally, 
a subset N of the locally convex topological vector space X such that 
f(N) is not dense in the boundary of f(X). The method which we 
applied in the argument presented in [3] may be refined, as we show 
below, to apply to the case in which Y is no longer a Banach space 
but a manifold modelled on an infinite-dimensional Banach space. 
(The finite-dimensional case is uninteresting for these theorems, and 
we shall not consider it explicitly in the present paper except for 
incidental remarks.) 
In addition, we observe, we showed in [3] and refine appropriately 
in the present discussion, that the results on the nonlinear Fredholm 
alternative are not fundamentally related to the concept of a differen- 
tiable mapping but can be extended in a natural and transparent way 
to continuous mappings f of a topological space X into Y under 
appropriate hypotheses on the asymptotic direction set D,(f) of f 
at various points x of X. Our basic results for a mapping f of a 
topological space X into a connected infinite-dimensional manifold Y 
assert that iff(X) is closed in Y and with appropriate hypotheses on 
the asymptotic direction set D,(f) at points x of X - N with the 
exceptional set N compact and such thatf(X) is distinct fromf(N), 
then the imagef(X) of X under f must be all of Y. 
Under considerably sharper hypotheses than the closedness off(X) 
in Y, viz., that f maps closed sets of X into closed sets of Y and that 
for a given point x of X,f-l(y) is compact and totally disconnected 
for y = f(x), we show also that f is an open mapping at the point x. 
From this result and other basic results on the relation between local 
homeomorphisms and covering mappings [4], we obtain global 
uniqueness as well as global existence theorems. 
Let us now proceed to state our results in a precise form. We begin 
by introducing the following definitions involved in the concept of 
asymptotic direction set of a continuous mapping f: 
DEFINITION I. Let S be a subset of the Banach space Y, s0 a point 
of S. For each E > 0, let 
D crsc, = {Y I Y E Y - @I, th ere exists s in S with 0 < 11 s - s0 I/ < E 
and real 8 > 0 such that s - so = &y>. 
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Then D?,(S), the asymptotic direction set of S at S, , is the subset of 
Y - (0) given by 
where cl(A) denotes the closure of A in the strong topology of Y - {O>. 
DEFINITION 2. Let X be a topological space, f a mapping of X 
into the Banach space Y, x a point of X. For each neighborhood U 
of x in X, let 
Q,(f) = {Y I Y E Y - 9% th ere exists a point x in U withf(x) # f(xo) 
and real 6 > 0 such thatf(x) -f(xo) = [y}. 
Then D,(f), the asymptotic direction set off at x, is defined by 
and the intersection is taken over all neighborhoods U of x in X. 
As the first and simplest of our results, we have the following: 
THEOREM 1. Let X be a topological space, Y an injkite-dimensional 
Banach space, f a continuous mapping of X into Y with f (X) closed in Y. 
Suppose that there exists a subset N of X such that for x in X - N, the 
set of asymptotic directions D,(f) for f at x is the whole of Y - 0. 
Suppose also that f(N) is a proper subset off(X) while either N is 
compact, or, more generally, f (N) is compact. Then f maps X onto Y. 
Theorem 1, as thus stated, is a sharpening of Theorem 1 of 
Browder [3], where the original hypothesis that N is finite has been 
replaced by the present hypothesis that N is compact or f(N) is 
compact. We should note explicitly that we have altered the definition 
of asymptotic direction set as given in [3] in the following way: 
In the original definition given in [3], A,(f) was a subset of the unit 
sphere in Y, and the present definition for D,(f) is the closure in Y - 0 
of the cone generated by A,( f ). Th us, in particular, the hypothesis of 
[3] given in the form: “A,(f) is dense in the unit sphere in Y” is equiv- 
alent for any given x to the present hypothesis that D,(f) = Y - {O}. 
THEOREM 2. Let X be a locally convex topological vector space, Y an 
infinite-dimensional Banach space, f a continuous mapping of X into Y 
with f (X) closed in Y. Suppose that for a given compact subset N of X 
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withf(X) #f(N), we have f once Gateaux differentiable at each point x 
of X - N, and that if A, = df, is the Gateaux derivative off at x, 
A, is a continuous linear mapping of X into Y and the nullspace N(A,*) 
of the adjoint mapping of Y* into X* is trivial. Then f (X) = Y. 
Theorem 2 is derived from Theorem 1 together with the following 
simple result concerning the relation between the Gateaux derivative 
A,z off at x and the asymptotic direction set D,(f ): 
PROPOSITION 1. Let X be a locally convex topological vector space, 
Y a Banach space, f a continuous mapping of an open subset U of X 
into Y, x a point of U. Suppose that f is once Gateaux differentiable at x 
with Gateaux derivative A, . 
Then D,(f) contains the closure of R(A,) - (0) in Y - {0}, where 
R(A,) denotes the range of A, . 
In particular, ;f the nullspace N(A,*) is trivial, it follows that R(A,) 
is dense in Y and hence that D,(f) = Y - (0). 
We now turn to the localization process for the above results from 
which the corresponding results for infinite-dimensional manifolds 
follow 
THEOREM 3. Let X be a topological space, Y an injnite-dimensional 
Banach space, f a continuous mapping of X into Y. Let V be an open 
connected subset of Y, N a compact subset of X such that f (X) n V # 
f(N) n V. Suppose that for each x in X - N, D,(f) = Y - {0}, 
while f (X) n V is closed in V. 
Then f (X) contains the whole of V. 
Passing to infinite dimensional manifolds, we have the following as 
our first result: 
THEOREM 5. Let X be a topological space, Y a connected Co manzfold 
modelled on the infinite-dimensional Banach space B, f a continuous 
mapping of X into Y. Let N be a compact subset of X such that 
f(X) # f(N). Suppose that for each x in X, there exists a neighborhood V 
off(x) in Y and a coordinate chart y mapping V into B such that for 
any x1 in X - N with f (x1) in V, 
Suppose also that f (X) is closed in Y. 
Thenf(X) = Y. 
The use of the choice of the coordinate chart T at the point f (x) in 
580/8/z-5 
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Theorem 5 is made necessary by the fact that asymptotic direction sets 
are not preserved by an arbitrary local homeomorphism at the point 
f(x). They are preserved by local diffeomorphisms of class Cl, 
however, as in the following 
PROPOSITION 2. Let Y be a Banach space, S a subset of Y, s a point 
of S. Let q~ be a local d$eomorphism of Y of class C1 at s. Then, 
(a) The asymptotic direction set D,(S) coincides with D,(S n V) 
for each neighborhood V of s in Y. 
(b) If L = dv, , then 
~s(a(s n V) = -w,(w 
(c) If X is a topological space, f a continuous mapping of X 
into Y, and iff (x) = s, then 
On the basis of Proposition 2, one may formulate the following 
generalization of the concept of asymptotic direction set for a Cl 
manifold Y modelled on a Banach space: 
DEFINITION 3. Let Y be a Cl manifold modelled on the Banach 
space B. For each pointy of Y, let T,(Y) denote the tangent space to Y 
at y. Let S be a subset of Y, f a continuous mapping of a topological 
space X into Y. Then, 
(a) If s is a point of S, the asymptotic direction set D,(S) of S 
at s is a subset of Ts( Y) - (0) defined as follows: Let v be a Cl 
coordinate chart for Y at s, and consider the isomorphism of T,(Y) 
with B given by dq, . Then, 
where v is defined on V. 
(b) If x E X, the set of asymptotic directions D,(f) for f at x is 
given as the subset of T,(,,( Y)-r - (0) defined by 
where q~ is a local coordinate chart defined on a neighborhood V of 
f(x), dvfcz) is the isomorphism of T,(,)(Y) with B induced by the 
differential of q~ at f (x), and the mapping vf is taken to map f -l(V) 
into B. 
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PROPOSITION 3. The de$nitions of D,(S) and D,(f) as given in 
Definition 3 are independent of the choice of the coordinate charts g, 
involved and hence are well-formed. 
Applying Definition 3, we obtain the following simpler version of 
Theorem 5: 
THEOREM 6. Let X be a topological space, Y a connected Cl manifold 
modelled on an infinite-dimensional Banach space B, f a continuous 
mapping of X into Y such that f (X) is closed in Y. Let N be a compact 
subset of X such that f (X) contains f (N) as a proper subset, and suppose 
that for x in X - N, 
uf) = ~,(z)(Y) - 0% 
Then, f (X) = Y. 
If we specialize the result of Theorem 6 to the case in which X 
itself is a differentiable manifold, we obtain the following extension of 
Theorem 2: 
THEOREM 7. Let X be a C1 mantfold modelled on the locally convex 
space E, Y a C1 manifold modelled on the infinite-dimensional Banach 
space B, f a continuous mapping of X into Y with f (X) closed in Y and Y 
connected. Let N be a compact subset of X such that f (X) # f(N), and 
suppose that f is once Gateaux differentiable at each point x of X - N 
with Gateaux daflerential df, which is assumed for each such x to be a 
continuous linear mapping of Tz(X) into T,& Y) such that the nullspace 
of (df,)* mapping T&J Y) into T,*(X) is trivial. Then f (X) is the whole 
of Y. 
Remark. Note that the hypothesis that (df,)” has a trivial nullspace 
is equivalent to the hypothesis that df, maps T,(X) on a dense subset of 
T,ccl(Y)* 
We turn finally to the statement of the results on the openness and 
uniqueness properties for mappings f satisfying stronger versions of 
our preceding hypotheses. 
THEOREM 8. Let X be a metric space, Y a Co manifold modelled on 
an infinite-dimensional Banach space B, f a continuous mapping of X 
into Y. Suppose that there exists a subset N of Y with f(N) locally 
compact and closed in Y such that for each y in Y, there exists a coordinate 
chart q~ on a neighborhood V of y in Y such that for each x in 
f-l(y) n (X - N), 
D&&f> = 3 - F9 
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Let x,, be a point of X such that there exists a closed neighborhood U 
of x,, in X for which f maps closed subsets of U on closed subsets of Y. 
Suppose that there exists a sequence {xn} in X - N coverging to x,, such 
that f (xn) lies in Y - f(N) for each n. SupposeJinally that 
is compact and totally disconnected. 
Then f is an open mapping at x0 , i.e., for each neighborhood U, of 
x0 in X, f(xO) lies in the interior of f( U,). 
If we apply Theorem 8 under slightly different (and somewhat 
sharper) hypotheses, we obtain the following: 
THEOREM 9. Let X and Y be C1 manifolds modelled on infinite- 
dimensional Banach spaces, f a C1 mapping of X into Y. Let x0 be a point 
of X such that f maps some closed neighborhood U of x,, in X homeo- 
morphically onto a closed subsetf ( U) of Y, while for each x in the interior 
of u, df, maps TAX) on a dense subspace of T,(,)(Y). 
Then f maps some open neighborhood U, of x0 homeomorphically on 
the open neighborhoodf (U,) off (x,,) in Y, i.e., f is a local homeomorphism 
at x0 . 
If we combine Theorem 9 with known results on the relation 
between local homeomorphisms and covering mappings, we obtain 
the following: 
THEOREM 10. Let X and Y be connectedparacompact Cl manifolds 
modelled on Banach spaces, f a Cl mapping of X into Y. Suppose that f 
is locally one-to-one and maps closed sets of X into closed sets in Y. 
Suppose that for each x in X, df, maps T,(X) on a dense subspace of 
TdY)- 
Then .f is a Jinite-covering mapping of X onto Y, and zf Y is simply 
connected, f is a homeomorphism of X onto Y. 
The proofs of the various Theorems we have stated above are based 
upon results in the geometry of Banach spaces which are developed in 
detail in Section 1. The simplest such result is the following: 
THEOREM 4. Let Y be a Banach space, V an open subset of Y, S a 
proper closed subset of V. Then there exists a dense subset S’ of the 
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boundary of S in V such that for each s in S’, there exists a cone C in Y 
with nonempty interior in Y and E > 0 such that 
S n (s + C) n B,(s) = is>, 
where BL(s) is the ball of radius E about s in Y. 
As we have emphasized in the discussion of [3], a result like 
Theorem 4 (or the slightly less general Theorem 3 of [3]) is an 
extension of the part of well-known theorem of Bishop-Phelps [l] 
which asserts that the set of support points of a bounded closed convex 
subset C, of a Banach space Y is dense in the boundary of C, . Indeed, 
Theorem 4 implies this latter result (as does Theorem 1 for that 
matter). It follows in particular that since the density property of 
support points in the boundary of bounded closed convex sets is not 
true in larger contexts than that of Banach spaces (such as Frechet 
spaces or incomplete normed spaces), Theorem 1 is not valid in these 
contexts and does not hold, e.g., when Y is either a Frechet space in 
general or a pre-Hilbert space. Details of this argument are given in 
the discussion of Section 1. 
In Section 2, we apply the geometrical results of Section 1 to give 
immediate proofs of Theorems 1, 2, 3, and 5. In Section 3, we justify 
the definition of asymptotic direction set for mappings into C1 
manifolds modelled on Banach spaces, and give the proofs of 
Theorems 6 and 7. In Section 4, we prove the results on openness and 
local homeomorphisms given in Theorems 8, 9, and 10. 
Remarks. As we have already briefly noted in the discussion fol- 
lowing the statement of Theorem 3 of [3], if we consider hypotheses 
somewhat stronger than those of Theorem 2 of the present paper, 
then results on Cr mappings have a full set of asymptotic directions 
can be derived from known theorems of the implicit function type 
without considering the geometry of Banach spaces. These stronger 
hypotheses are the following: X and Y are Banach spaces, f a Cl 
mapping in the Frechet sense such that for each x in X, 
(1) df, has dense range in Y, 
(2) The range of df, is closed in Y, 
while 
(3) f(X) is closed in Y. 
Under these hypotheses, df, is a surjective mapping from X on Y, and 
by a theorem of Graves [6], is an open mapping of X into Y. Hence, 
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f(X) must be both open and closed in Y and therefore it coincides 
with Y. 
The most important difference between the circle of results with 
which this paper deals and the situation to which the above argument 
applies is the omission of the hypothesis (2), which is replaced by the 
effects of the other hypotheses (1) and (3). In addition, of course, 
we have weaker assumptions on differentiability (and in the final 
analysis, no assumptions of differentiability at all) as well as allowing 
exceptional sets N in X for which the assumption (1) fails to hold. 
We emphasize this difference because it is somewhat obscured in the 
discussion of Pohozhayev [ll], who applies his general results to the 
consideration of nonlinear Fredholm mappings, i.e., mappings f such 
that for each x in X, df, is a linear Fredholm map from X to Y, 
(cf., e.g., Smale [12]). F or such maps, however, df, always has closed 
range in Y and the simplified argument above applies. On the other 
hand, the interest of the present theorems lies in their going outside 
the framework of implicit function arguments like those of Graves [6]. 
SECTION 1 
The geometrical basis for the results on nonlinear mappings stated 
in the Introduction is a family of results presented in the discussion of 
the present section concerning a useful class of cones in a Banach 
space Y and related properties of closed subsets of Y. 
To fix our terminology, we say that a subset C of Y is a cone if C 
is closed, convex, invariant under multiplication by 5 for real 5 > 0, 
and if for any z, such that both v and (-V) lie in C, it follows that 
v = 0. 
DEFINITION 4. Let Y be a Banach space, C a cone in Y. Then C 
is said to be a narrow cone in Y if there exists a continuous linear 
functional y* on Y such that for all y in C, we have 
IIY II G (Y*?Y)* (9 
By Theorem (1.5) of Krasnoselski [7], C is a narrow cone in Y if and 
only if C admits plastering in Y in the sense of [7], i.e., there exists a 
cone C, in Y and a positive number E > 0 such that for each y in C, 
the ball of radius E 11 y I/ about y is contained in C, . 
LEMMA 1. Let Y be a Banach space, CO a bounded closed convex 
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subset of Y which does not contain 0, C the cone generated by C,, in Y. 
Then C is a narrow cone in Y. 
Proof of Lemma 1. Since 0 does not lie in the closed convex set C, , 
it follows from standard separation theorems for convex sets that there 
exists a continuous linear functional U* on Y such that 
0 = (u*, 0) < co = in! (a*, v). 
0 
By hypothesis, C, is bounded so that there exists M > 0 such that 
[I ZI i/ < M for all v in C, . Since C is the cone generated by C, in Y, 
for each y in C there exists ZI in C, and 5 > 0 such thaty = [v. Hence 
(u*,y) = tyu*, 4 3 5%. 
On the other hand, 
Hence 
(u*,Y) 3 cc&-’ IIY II, (Y E C), 
and if we set 
y* = MC;%*, 
the conclusion of the lemma follows. Q.E.D. 
Corresponding to each cone C in Y, there is the partial ordering 
on Y given by the prescription that yr > ya if and only if yr - ya E C. 
We shall now study the properties of the ordering on Y corresponding 
to a narrow cone C in Y. 
LEMMA 2. Let Y be a Banach space C a narrow cone in Y, S a 
bounded closed subset of Y. Then there exists an element s0 of S which is 
maximal on S with respect to the order induced by C, i.e., such that 
Proof of Lemma 2. By Zorn’s Lemma, the existence of a maximal 
element sa with respect to the given partial ordering will follow if we 
show that for each subset S, of S which is totally ordered with respect 
to the given ordering, there exists an upper bound in S with respect 
to the given ordering. 
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Suppose that we are given such a subset S, , and let F be a finite 
subset of S, . Then we may represent F in the form 
F = (~1 , ~2 ,..., 4, 
where for each j with 1 < j < s - I, we have xi < xi+i with respect 
to the ordering induced by C, i.e., 
xj+1 E xj + c. 
By hypothesis, C is a narrow cone so that there exists a bounded linear 
functionaly” on Y such that I/ y 11 < (y*, y) for ally in C. In particular 
it follows that for each j, 
jj xj.+, - xi 11 < (y*, x~+~ - x,). 
Summing this family of inequalities with respect to j, we obtain 
S-l 
c II ~j+~ - xi II < (Y*, x, - 4 G 2~4 /I y* II, 
j=l 
where M is the bound of /I x I/ f or x in the bounded set S. The bound 
on the right side of the inequality is independent of the choice of the 
finite subset F of S,, . As a consequence, it follows that for each 6 > 0, 
there is a finite subset F6 of S, such that for any points x and y in 
S, - FE, we have 1) x - y jl < 6. In particular, S,, is a countable set 
at most. 
Since S,, is countable and totally ordered, we may find an ascending 
sequence (xi} in S, with xj < xj+r such that for each y in S, , y < xj 
for at least one value of j. For this sequence, it follows from the 
argument of the preceding paragraph that 
with 44, independent of N. Thus, the infinite series 
,21ll%+1 - xi II < a, 
and since Y is a Banach space, it follows that xi converges strongly in Y 
to a point y0 . Since the sequence {xi} is contained in the closed set S, 
it follows that y0 lies in S. For each y in S,, , y < xj for at least one 
value of j, and hence for all larger values. Since the cone C is closed, 
it follows that y < y0 for all y in S,, , i.e., S, has an upper bound in S. 
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Hence the assumption of inductivity in Zorn’s Lemma is valid and 
the proof of Lemma 2 is complete. Q.E.D. 
We now restate and prove Theorem 4, which is the basis of our later 
results. 
THEOREM 4. Let Y be a Banach space, V an open subset of Y, 
S a proper closed subset of V, bdry(S) its boundary in V. 
Then there exists a dense subset S’ of bdry(S) such that for each s in S’, 
there exists a cone C with nonempty interior in Y and a positive number 
E > 0 such that ;f B,(s) is the open ball of radius E in Y with center at s, 
then 
s n (s + C) n B,(s) = (s}. 
Proof of Theorem 4. We begin the proof by normalizing the 
situation so that the open set V is the space Y itself. Obviously, Y is a 
special case of such an open set V. On the other hand, suppose that 
we are given an open set V and a proper closed subset S of V which 
satisfy the hypotheses of Theorem 4 in the more general form. Let S, 
be the closure of S in Y, and let bdry(S,) be the boundary of S, in Y. 
Then bdry(S,) n V = bdry(S), w h ere the latter continues to denote 
the boundary of S in V. Let S,’ be a dense subset of bdvy(S,) such 
that for each s in S,‘, there exists a cone C, with nonempty interior 
such that (s + C,) does not intersect S, - {s} in the neighborhood of s. 
Then S,’ n V is a dense subset of bdry(S), and the same cone suffices 
for the corresponding property for S itself. Thus, we may always 
assume without loss of generality that V = Y and that S is closed in Y. 
Let s,, be a given point of bdry(S) and let 6 > 0 be given, Since s,, 
is a boundary point of S, there exists a point y0 of Y - S such that 
6 
IIYO -soI/ < -. 4 
We denote by d, the distance of y0 from the closed set S. Then we have 
d,, < 614, and we may find a point s1 of S such that 
/ls1-YoIl +. 
Let 
Then 
d = It ~1 - yo II. 
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Let B be the closed ball of radius d/4 about the point y,, in Y, and 
let K be the convex span of B and the point si , i.e., 
K={ylyEY,y=(l-t)sl+t f z or some z in B, and some t in [0, l]}. 
If we set S, = S n K, then since K is a closed bounded convex 
subset of Y, S, must be a closed bounded subset of Y. Suppose that s 
is a point of S, . Then s can be represented (in general, not uniquely) 
in the form 
s = (1 - t) s1 + tz, t in [0, 11, z in B. 
It follows that 
y d dist(y, , 9 d I/y0 - s II < (1 - t) I/y0 - s1 II + t lIyo - z II, 
i.e., 
7 < (1 - t)d + t ;, 
from which it follows that 
t < g. 
Let C be the cone in Y generated by the closed, bounded, convex 
set B - s1 , i.e., 
c = (y I y E Y, y = t-(x - Sl), x E B, 5 > 0). 
Since B - si has a nonempty interior, C has a nonempty interior. 
Since C is generated by a closed, bounded, convex subset of Y which 
does not include 0, C is a narrow cone in Y by the result of Lemma 1. 
Let s be a point of S,, , 0 < E < d/2, and consider the set 
(S + C) n S n BE(s). 
If v is a point of this intersection, ZI = s + y withy = ((z - si) for 
some z in B, 5 > 0. Since s lies in S, , 
s = (1 - t)s, + tzl 
with xi in B and 0 < t < 9. We note first that if 5 > +, then 
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which excludes v from the above intersection. Hence 5 < 3. In this 
case, however, we have 
s + y = (1 - t) si + tx, + &z - Sl) = (1 - t - e) si + tx, + 5x 
= (1 - t - 0 fl + (t + E)[t(t + 5)-'Zl + 5‘(t + &lzl 
is a convex linear combination of sr and the point 
u = t(t + 0-l 21 + 6(t + &’ x, 
since (t + 5) < 1. Since B is convex and both x and xi lies in B, it 
follows that u lies in B. Hence s + y lies in the convex span of s1 
and B, i.e., s + y lies in K. Hence 
(S + C) n S n BE(s) C (S + C) n S n K = (S + C) n So. 
We now apply Lemma 2 to the narrow cone C and the closed 
bounded set S,, to find a point s of S, such that (s + C) r\ SO = {.r>. By 
our preceding remarks, it follows that (s + C) n S n Be(s) = {s}. 
Such a point s lies in the set S’ of boundary points of S at which we can 
construct cones C with the desired property. Moreover, the distance 
of s from the original point s,, is at most 11 y,, - s,, I/ + /I yO - s I/, which 
is at most 
Q.E.D. 
Remark. We shall derive the results of Theorems l-11 from 
Theorem 4. If the subset S of Theorem 4 is convex with Y = Y, 
then the existence of a cone C with nonempty interior in Y such that 
B<(S) n S n (S + C) = {s} 
in the neighborhood of s implies that S n (s + C) = {s}. Hence, by 
the standard separation theorems for convex sets in locally convex 
topological vector spaces, it follows that there exists a nontrivial 
bounded linear functional y* on Y such that y* assumes its maximum 
on S at the point s, i.e., y* defines a supporting hyperplane to S at s. 
In this fashion, we recover the basic conclusion of the Bishop-Phelps 
theorem [l] from Theorem 4, whose proof is modelled upon the 
original proof of that theorem. 
The following simple result indicates a still closer connection 
between results of the type which we have established in Banach spaces 
and the existence of supporting hyperplanes: 
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PROPOSITION 4. Let Y be any locally convex topological vector space 
in which there exists a proper closed convex subset S which has no 
supporting hyperplanes at any of its points. (Such spaces exist in the class 
of Frechet spaces and pre-Hilbert spaces; cf. Phelps [S].) 
Then Theorem 1 is not valid for mappings f of topological spaces X into 
the space Y, even ;f the exceptional set N is void. 
Proof of Proposition 4. Let X be the subset S with the topology 
induced by Y, f the identity map of S into Y. Then we assert that at 
each point s of S, D,(S) = Y - (0). Indeed, suppose the contrary. 
Then there exists a non-null element y,, of Y and a cone C whose 
interior includes y which has the property that 
(S + C) n S = {s}. 
Applying the standard separation theorem, there exists a continuous 
linear functional y* with y* # 0 such that y* supports S at s. This 
contradicts the property that S has no supporting hyperplanes 
Q.E.D. 
We now turn to the consideration of the effect of the exceptional sets 
N allowed in the Theorems of the Introduction. 
LEMMA 3. Let Y be a Banach space of injkite dimension, S a locally 
compact subset of Y. Then there exists a dense subset S, of S such that 
for each s in S, , 
Proof of Lemma 3. We begin by reducing the result for locally 
compact S to the special case in which S is compact. Let s,, be a point 
of S, with S assumed to be locally compact. Then there exists a closed 
ball B about s0 such that B n S is compact. For all points s in the 
interior of B with s in S, D,(S) = D,(B n S). If S, is the set of those s 
in S for which D,(S) # Y - (O}, then S, will be dense in S n int(B), 
if and only if the corresponding set S,,, formed with S replaced by 
S n B is dense in S n int(B). Hence, we may replace S by S n B 
and assume without loss of generality that S is compact. 
To show that S, is dense in S for S compact, it suffices to consider 
a point ss of S and a closed ball B about ss , and then to show that there 
exists a point s in S, n B, (where S, as above denotes the set of those s 
in S for which D,(S) # Y - (0)). 
Suppose that B is the closed ball of radius r about s,, for some Y > 0, 
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and let B, be the open ball of radius yi about s, with 0 < rr < Y. 
Since S is assumed to be compact, and the set 
K, = (B - B,) n s 
is closed in S, K0 is also compact. Let F be the radial projection of 
Y - {s,,} from the point s0 on the unit sphere about so. Since 
Ki = v(K,) is compact and Y is of infinite dimension, there exists 
an element y0 of Y with /I y0 I/ = 1 and a real number 6 > 0 such that 
for all points z in the set F given by 
F = (2 j z E Y, I/ z I/ = 1, I[ z -yO /[ < S}, 
and for all f in the interval [ri , Y], the pointy = s0 + [a does not lie 
in S. Let C be the cone in Y spanned by F, i.e., 
We choose 6 < 1. Then C is indeed a cone, and since the convex 
closure of F is a closed bounded convex subset of Y which does not 
include 0 and since C is the cone generated by this convex closure, 
C is a narrow cone in Y with a nonempty interior in Y. 
By Lemma 2, there exists a point s in the closed bounded set 
such that 
Sn B n(s, + C) 
(S + C) n S n B = {s}. 
Since s lies in (s, + C), it follows that (s + C) C (s, + C). Hence s lies 
in B, , since there are no points of S in (s,, + C) lying in (B - B,). 
If we let 0 < E < Y - rl , it follows that 
(S + C)n S n B,(s) C (S + C) n S n B = (s}. 
Hence, OS(S) does not include any of the points of the nonempty 
interior of the cone C. Thus s lies in S, n B. Q.E.D. 
LEMMA 4. Let Y be an infinite-dimensional Banach space, B an 
open ball in Y, S a closed subset of B, M a locally compact closed subset 
of S. Suppose that S is a proper subset of B and has a nonempty interior 
in B. 
Then M does not contain the boundary of S in B. 
Proof of Lemma 4. If S,, is the interior of S in B, then the boundary 
of S, in B is contained in the boundary of S in B. Hence, it suffices to 
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show that there exists a point s of the boundary of S,, which does not 
lie in M. Thus, we may assume without loss of generality that S is the 
closure of its interior. 
Let s0 be a boundary point of S in B. We may assume without loss 
of generality that s,, lies in M. There exists a closed ball B, about s, 
such that B, n M is compact. Let S, = S n B, . Then S, is a proper 
subset of B, , it contains an open subset of B, , and it suffices to show 
that the boundary of S, in B, contains a point of int(B,,) - M, 
(where int(B,) is the interior of B, in Y). There exists a point y,, in 
int(B,) - S, . Let B, be an open ball in S, n int(B,). On each line 
segment joining y,, to a point z of B, , there exists at least one point of 
bdry(S,), where the latter denotes the boundary of S, in B, . Hence, 
if Y denotes the radial projection of Y - {ya} on the unit sphere 
about y0 , Y(bdry(Si) n int(B,)) is open in the unit sphere about y0 . 
Since B, n M is compact and does not contain y,, , Y(B, n M) is a 
compact subset of the unit sphere and hence nowhere dense by the 
infinite dimensionality of Y. It follows that b&y(&) n int(B,) is not 
contained in M. Q.E.D. 
THEOREM 4’. Let Y be an injinite dimensional Banach space, V an 
open subset of Y with V connected. Let S be a closed subset of V, M a 
proper closed subset of S with M locally compact. Suppose that for each s 
in S - M, 
D,(S) = Y - (0). 
Then S = V. 
Proof of Theorem 4’. By hypothesis, S - M is nonempty, and 
since M is closed in S, D,(S) = D,(S - M) for each s in S - M. 
Let V, be an open neighborhood of a given point s of S - M, with V, 
contained in S - M. Since S n V, is closed in VI and nonempty, 
it follows from Theorem 4 that either S n VI is open in V, (i.e., the 
boundary of S n V, in VI is empty) or there exists a cone C with 
interior such that for some point s in bdry(S n VI), (s + C) intersects 
S only at s in the neighborhood of the point s. The second possibility 
contradicts the fact that 
D,(S n VI) = D,(S) = Y - (0). 
Hence, S n V, is open in VI . Thus, it follows that S - M is open 
in V. 
Let S, be the closure of S - M in V. Since S is closed in V, S,, is 
contained in S. It therefore suffices to prove that S, coincides with V. 
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Since V is connected by hypothesis, it suffices to prove that S, is open 
in V since by its definition, S,, is closed in V and nonempty. 
To show that S, is open in V, it suffices, since 5’s is closed in V, 
to assume that there exists a boundary points,, of S,, in V and to deduce 
a contradiction. Since S, is the closure of S - M, and the latter is 
open in V, it follows that s0 is a point of M. Let B an open ball about 
s0 which is contained in V. Since s0 is a boundary point of S, , S,, n B 
is a proper closed subset of B. Since S, is the closure of the open set 
S - M, S, n B contains an open ball. Since M is locally compact and 
closed in V, M n B is locally compact and closed in B. For each point s 
of S, n B which does not lie in B n M, we know that 
D,(S, n B) = D,(S) = Y - (0). 
By Lemma 4, M does not contain the boundary of (S, n B) in B. 
Since M n B is closed in B, it follows that there exists a nonempty 
open subset of bdry(S, n B) disjoint from M. By Theorem 4, there 
exists a point s of this open subset of bdry(S, n B) such that for a 
cone C with interior and some E > 0, 
So n (S + C) n B,(S) = S. 
It follows that D,(S,) # Y - (O}, contradicting the fact that s lies in 
S, - M. This contradiction proves that S, is open in V, hence that 
S, = V, and finally that S = V. Q.E.D. 
SECTION 2 
We now proceed to the detailed proof of the various theorems stated 
in the Introduction. 
We begin with a sharpened restatement of Theorem 1: 
THEOREM 1’. Let X be a topological space, Y an infinite dimensional 
Banach space, f a mapping of X into Y, with f (X) closed in Y. Suppose 
that there exists a subset N of X such that f (N) is a closed proper subset 
off(X) with f(N) locally compact. Suppose further that fey all x in 
X - N, 
%)(fm = y - w 
Thenf (X) = Y. 
Proof of Theorem 1’. Let S = f (X), M = f (N). Then the 
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hypotheses of Theorem (4’) are satisfied, and it follows that 
f(X) = S = Y, h w ere V = Y in the application of that theorem. 
Q.E.D. 
THEOREM 2’. Let X be a locally convex topological vector space, 
Y an injinite-dimensional Banach space, f a mapping of X into Y with 
f(X) closed in Y. Supp ose that there exists a subset N of X such that f (N) 
is a proper closed subset off(X) with f(N) locally compact. Suppose 
that f is once Gateaux d#eerentiable at each point x of X - N, with 
A, = f,' the Gateaux derivative being a continuous linear mapping of X 
into Y. Suppose that one of the two following equivalent hypotheses is 
satis$ed: 
(a) For the adjoint map A,* mapping Y* into X*, the nullspace 
Off%* is trivial, 
(b) A, maps X onto a dense subspace of Y. 
Thenf(X) = Y. 
The proof of Theorem (2’) uses the result of Proposition 1, which 
asserts that for each x in X at which f is once Gateaux differentiable 
with derivative A, , D,(f) contains all nonzero elements of the closure 
of R(A,) in Y, (where R(A,) denotes as before the range of the linear 
mapping A,). 
Proof of Proposition 1. Let y be a nonzero element of cl(R(A,)), 
and let E > 0 be given. We may find an element of &A,) denoted by y1 
such that y1 # 0 and 11 y - y1 jl < c/2. Let S > 0 be given. Since y1 
lies in R(A,), there exists a nonzero h in X such that y1 = A,(h). 
By the definition of the Gateaux derivative, 
W.f(x + 4 -f(x)1 -Yl 9 (t -+ o+), 
with the convergence being strong convergence in Y. Choosing values 
of t > 0 so small that 11 th II < 6 and letting x1 = x + th, we see that 
y1 lies in DU( f) with U the open ball of radius 6 about x. Hence the 
E-ball about y intersects D"(f) for each E > 0, so that y lies in D,(f ). 
Q.E.D. 
Proof of Theorem 2’. We apply Theorem l’, noting that by 
Proposition 1, D,(f) = Y - (0) for X E X - N. Q.E.D. 
Proof of Theorem 3. Let S = f (X) n V, and let M = f (N) n V. 
Since N is compact, f (N) is compact and hence M is a locally compact 
subset of V. Since f (N) is closed in Y, M is closed in V. By hypothesis, 
M is a proper subset of S and S is a closed subset of V. In addition, 
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we know by the hypothesis that for each s in S - M, with s = f (x) 
for some x in X - N, D,(S) contains D,(f ), while D,(f) = Y - (0). 
Hence, D,(S) = Y - (0) f or each s in S - M. Therefore, we may 
apply Theorem 4’ to obtain the conclusion of Theorem 3. Q.E.D. 
Proof of Theorem 5. Let S = f (X), M = f (IV), S, = Cl(S - M). 
Since S is closed in Y, it suffices to show that S,, = Y. Since S,, is 
both closed and nonempty in Y while Y is connected, it suffices to 
prove that S, has no boundary points in Y. 
Suppose then that s0 is a boundary point of S,, . To obtain a con- 
tradiction, it suffices to prove that there exists an open neighborhood 
of s0 which is entirely contained in S = f (X). Indeed, S - S,, is 
contained in M and is open in S. Hence, any point of S - S, con- 
tained in an open set of Y contained in S, is contained in an open set 
of Y contained in M. Since M is locally compact while Y is a manifold 
modelled on an infinite-dimensional Banach space, it is impossible for 
a nonempty open subset of Y to be contained in M. 
By hypothesis, there exists an open connected neighborhood V, 
of s0 and a coordinate chart v mapping V, on an open subset V of B 
such that for each point x in X,, - N, with X,, = f -I( V,,), we have 
Wd) = B - K% 
We let 
s, = dS n Vo), Ml = v(IM n V,). 
Then S, is closed in V since v is a homeomorphism of V,, and V and 
S n V, is closed in V, . Moreover, Ml is locally compact and closed 
in V since M n V,, is locally compact and closed in V,, . Since s,, lies 
in the closure of S, , V, contains points of S - M. Hence V contains 
points of S, - Ml . For each s in S, - Ml , s = vf (x) for some x in 
f-‘(V,) - N. By the hypothesis, 
%(dl = B - W 
Since D8(S,) contains DJ(pf), it follows that 
D,(S,) = B - to), (s E s, - Ml). 
Since V is connected and open in B, we may apply Theorem 4’ and 
conclude that S, = V, i.e., S contains V,, . By our remarks of the 
preceding paragraph, this implies a contradiction to the assumption 
that s0 is a boundary point. 
It follows from this contradiction that S,, = Y, and f(X) = Y. 
Q.E.D. 
5 80/8!2-6 
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SECTION 3 
We now give the justification of the definition of asymptotic 
direction set for mappings into a Cl manifold Y modelled on a 
Banach space and apply this concept in the proof of Theorems 6 and 7. 
Proof of Proposition 2. The proof of part (a) is obvious. 
For the proof of part(b),suppose that Visaneighborhood of the point 
s in Y, g, a Cl diffeomorphism of V on a neighborhood V, of s in Y 
with q(s) = s. We wish to prove that if L = dv, , then 
~scP(S n V) = Ws(S n w 
We remark that since v is a diffeomorphism, it suffices to prove that 
for every such y, 
WW n 0 C UdS n 0. 
Indeed, it would then follow for a given diffeomorphism y that if we 
apply this fact to Y = v-l with dY, = L-l, we obtain 
L-l(D,(&s n V)) C D,(Y~(S n V)) = D,(S n V), 
from which it would follow that 
WV n V> = WdS n VI. 
Let y be any element of D,( S n V). Then there exists a sequence {sj> 
in S - {s} with si ---f s as j -+ co and a corresponding sequence of real 
numbers {tj} with ,$j > 0 for eachj, such that 
msj - 4 - y, (I. - a). 
We set ri = si - s - fjy. It follows that .$;‘ri --+ 0, and 
?J(Sj) = ds + 5jY + Yj). 
By the definition of the Frechet derivative, 
V(Si) = v(s) +-a - s) + % ,a 
with 
II wi > 4 G P(II si - s 0 
where /I is a function independent ofj such that ~-$3(r) ---f 0 as Y ---t 0. 
Hence, 
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We note that 
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llL(yj) + R(sj , s)ll d II L II . II yj II + II R(sj 9 s)li 
d Ej(lI L II tT1 II rf II + &‘B(lI sj - s 11). 
Since 5‘;’ /I ri I/ -+ 0, and 
II j‘, - s II = &‘jfllr il + 4 “j + 0, 
it follows that 
II L(yj + R(sj , s)il 5;’ + 0. 
Hence Ly is the limit of E;“[y(sj) - v(s)], i.e., Ly lies in D,(rp(S;BV{. 
. . . 
Proof of Proposition 3. Let S be a subset of Y, s a point of S. By 
Definition 3, we propose to define D,(S) as the subset of T,(Y) given 
by 
~~3~&)(rp(~ f-l V) 
for any coordinate chart q for Y on an open neighborhood V of s in Y. 
We consider a similar definition for D%(f) where f is a continuous 
mapping of X into Y withf(x) = s, where we set 
We must verify that these definitions are independent of the choice 
of the coordinate chart qx 
Consider two coordinate charts p and Y on the same neighborhood 
V of s. We may assume without loss of generality that v(s) = 0 = Y(s). 
Let V, = y(V), V, = Y(V). We must prove that 
d~;l(D,(~(S n V)) = dY;‘(D,(Y(S n V)). 
If we set c = Yp)-i, 1; is a diffeomorphism of VO on VI, and our 
assertion is equivalent to the assertion concerning 5 that 
where S, = v(S n V). The latter assertion follows from Proposition 2. 
A similar argument holds for the invariance of D,(f). Q.E.D. 
Proof of Theorem 6. Suppose that for each x in X - N, 
&(ff = ~,(z)(Y) - m. 
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By the definition of D,(f), it follows that for each coordinate chart v 
for Y atf(x), we have 
Hence, we may apply the result of Theorem 5 and obtain the 
conclusion of Theorem 6. Q.E.D. 
Proof of Theorem 7. Let f be a continuous mapping of the Cl 
manifold X into the Ci manifold Y, and suppose that f is once Gateaux 
differentiable at each point x of X - N with a differential df, whose 
range is dense in T,(,,( Y) for each such x. For each coordinate chart y 
at f (x), the composite mapping vf = g has the property that dg, maps 
TJX) on a dense subset of B. Hence, by Proposition 1, since X can be 
identified with a locally convex topological vector space in the neigh- 
borhood of x, it follows that 
for each x in X - N and each coordinate chart q~ at f(x). By 
Definition 3, OS(f) = T,(,,( Y) - {0} for each x in X - N. The 
conclusion of Theorem 7 then follows from Theorem 6. Q.E.D. 
SECTION 4 
In the arguments applied in the previous Sections (and in particular, 
in the proof of Theorem 4’ and its application to the proofs in 
Section l), we showed that f (X) was open in Y under appropriate 
hypotheses on f by using the fact thatf (X) n V is closed in V if f (X) 
is closed in Y. In the following proofs of Theorems 8, 9, and 10, we 
need to apply a similar argument but with X replaced by an open 
neighborhood U of a given point x in X. The difficulty of this appli- 
cation arises from the difficulty in obtaining hypotheses from which 
it will follow that there exists an open neighborhood V off(x) such 
that f (U) n V is closed in Y. 
We overcome this difficulty in the proof of Theorem 8 by invoking 
two hypotheses sharper than our original hypothesis that f(X) is 
closed in Y, viz., 
(1) f is a closed mapping in the neighborhood of x, i.e., there 
exists a closed neighborhood U, of x such that f maps closed sets in U,, 
on closed sets in V. 
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(2) f-‘(f(x)) is compact and totally disconnected (at least in a 
neighborhood U of x). 
The second of these two conditions is the more restrictive in a 
practical sense, since the class of closed mappings f includes most of 
the interesting cases in which we can assert thatf(X) is closed in Y, 
and, in particular, includes the class of proper mappings if X and Y 
are metrizable. 
Proof of Theorem 8. In the notation of the hypothesis of Theorem 8, 
we are given a closed neighborhood U of x such that f maps closed 
subsets of U on closed subsets of Y, whilef-r(y) n U is compact and 
totally disconnected for y = f(x). In addition, we are given a sequence 
of points {xj} converging to x such that for each i, f (xj) lies in 
Y-f(N). 
Let U, be a neighborhood of x in X. Since f -l( y) n U is compact 
and totally disconnected, there exists an open neighborhood U, of x 
contained in U r‘l U, such that f (bdry( U,) is a closed subset of Y 
which does not contain y. Let V be an open connected neighborhood 
of y in Y which is disjoint fromf(bd~y( U,)) and with the property 
that there exists a coordinate chart 9 for Y on V which maps V 
homeomorphically on an open subset of B. Since Cl(U,) is a closed 
subset of U and since f maps closed subsets of U on closed subsets 
of y> f w U2)) is closed in Y. In particular, since 
f(UJ n I’ =“f(cl(Ud n K 
it follows thatf( U,) n V is closed in V. 
We now apply Theorem 5 to the mapping f of U, into Y. Since U, 
contains points xj for whichf(xj) does not lie inf(N), it follows that 
V is contained inf (U,). In particular, f is open at the point x. Q.E.D. 
Proof of Theorem 9. Let x be any point of X. By hypothesis, there 
exists a closed neighborhood U of x in X which is mapped by f in a 
one-to-one fashion. Since f maps closed sets of X on closed sets of Y, 
f is a homeomorphism of U on a closed subset of Y. If y = f (x), 
f-l(y) n U = {x>. W e now apply the result of Theorem 8 with N 
taken as the empty set. It follows from that theorem that f is open at x. 
Hence f is a local homeomorphism. Q.E.D. 
Proof of Theorem 10. By Theorem 9, f is a local homeomorphism 
of X into Y. Since f is assumed to be a closed mapping of X into Y, 
it follows from the results of Browder [4] that f is a covering mapping 
of X onto Y with each pointy in Y having a finite set as inverse image 
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under f. (We apply Theorem 6 of [4] which is valid for all metric 
spaces X and Y without any local conditions. We note that by 
Theorem 4 of [4], the conclusion that f is a covering mapping can be 
obtained for X and Y which are not necessarily metric but are merely 
locally pathwise connected and locally simply connected.) 
In particular, if X is connected and Y is simply connected, each 
covering map f of X onto Y must be a homeomorphism. Q.E.D. 
Remark. For a unified treatment of the use of covering space 
arguments in the treatment of uniqueness theorems for nonlinear 
functional equations, see Browder [5, 21. 
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